Abstract: This paper presents a design optimization of an axial-flux eddy-current magnetic coupling. The design procedure is based on a torque formula derived from a 3D analytical model and a population algorithm method. The main objective of this paper is to determine the best design in terms of magnets volume in order to transmit a torque between two movers, while ensuring a low slip speed and a good efficiency. The torque formula is very accurate and computationally efficient, and is valid for any slip speed values. Nevertheless, in order to solve more realistic problems, and then, take into account the thermal effects on the torque value, a thermal model based on convection heat transfer coefficients is also established and used in the design optimization procedure. Results show the effectiveness of the proposed methodology.
Introduction
An axial-flux eddy-current magnetic coupling consists of two discs facing each other ( Figure 1 ). The driving disc is equipped with axially magnetized rare-earth permanent magnets regularly distributed to obtain alternately north and south poles. The driven disc is made up with a copper plate screwed to the back-iron [1] [2] [3] . The transmitted torque of such a device is due to the interaction of magnets field and induced currents in the conducting plate which depend on the slip speed between the two discs. From its working principle, eddy-current coupling presents Joule losses, which are directly related to the slip speed. The normal working range area of such a device corresponds to low slip values for which the Joule losses are limited. The efficiency is given by η = 1 − s where s is the slip (s = (Ω 1 − Ω 2 )/Ω 1 ).
The geometrical parameters of the studied coupler are given in Figure 1 : R 1 is the inner radius of the magnets, R 2 the outer radius of the magnets, R 3 the outer radius of the copper plate, a is the thickness of the back-iron (magnets side), b the magnets thickness, c the air-gap length, d the thickness of the copper plate, e the thickness of the backiron (copper side). The pole-arc to pole-pitch ratio of magnets is α, and p is the pole-pairs number. The mean radius of the torque coupler is defined as Rm = (R 1 + R 2 )/2. The main objective of this paper is to determine the best design with reduced magnets volume and good efficiency.
For an accurate design of the eddy-current magnetic coupling, it is necessary to take into account the effects of the temperature on the copper conductivity. Due to the eddy-current losses (heat source), the temperature of the copper will rise, so the electrical conductivity of the copper decreases. Hence, the produced torque decreases.
Very few papers discuss the thermal behavior of eddycurrent magnetic couplings and its influence on their design, whereas it is a very important issue. Coupled magneto-thermal models, that can be found in the literature, are usually based on 2D or 3D finite elements (FE) simulations, considering either strong or weak coupling between the magnetic and thermal models [5] [6] [7] . Finite elements models give accurate results considering geometric details and nonlinearity for the materials behavior. However, they are still CPU time consuming and therefore poorly suited to be used in a design optimization procedure. In order to reduce the computational time, magnetic equivalent circuit (MEC) modeling coupled with thermal networks model have recently been developed [8, 9] . It has been shown that this method gives accurate results compared to FE simulations and tests. The main drawback of the MEC method is that the flux paths must be a priori known in order to define the reluctance expressions which appear in the torque expression [9] .
In this paper, a complete design of an eddy-current magnetic coupling based on an electromagnetic-thermal coupled method is proposed. The optimization procedure is based on analytical formulas for the torque and the copper temperature. It is shown that the proposed models give results close to those obtained from 3D finite element simulations.
Preliminary design case

Analytic magnetic model
A torque formula (1) has been obtained from a 3D analytical model under the mean radius assumption. The mathematical developments are given in [1] . This formula depends directly on the physical and geometrical parameters of the coupler:
with:
and:
where n and k are odd integers, ℜ denotes the real part of a complex number, j = √ −1, σ is the electrical conductivity of the copper, Br the remanence of the permanent magnets, and Ω is the slip speed.
The thickness of the back-irons (a and e, see Figure 1 ) should be determined to avoid magnetic saturation. For simplicity, we consider that the mean value of the flux density in the yokes must be under the knee point of the B-H curve (i.e B < Bs with Bs = 1.5T). From the analytical model [1] , we derived simple expressions to determine a minimal value for a and e:
Br Bs
It is worth noting that e < a. In the following, a and e equal their corresponding minimal value, but they could be chosen bigger if required by mechanical constraints for instance.
First optimal design
The analytic model described in the previous section can be easily associated with an optimization algorithm in order to efficiently solve design problems [4] . The following problem is considered:
Vm(x)
where Vm is the total volume of magnets, wm their radial extrusion (wm = R 2 − R 1 ), and R 3 is calculated in order to permit a return path of the induced currents by:
. The remanence of magnets Br is equal to 1.25 T, and the conductivity of copper is 57 MS·m −1 . The airgap c is fixed to 3 mm. The considered operating point corresponds to a slip speed equal to 75 rpm for a driven speed Ω 1 = 1500 rpm. The load power then equals 7.5 kW transmitted with a 95 % efficiency. Problem (P 1 ) is relatively small: 6 variables (5 real and 1 integer) and 2 inequalities. It is sufficient to test the validity of the proposed design process. It belongs to the Mixed Integer Non-Linear Program (MINLP) problems class. Since the model is purely analytic, each evaluation is very fast (less than 1 millisecond). Then the use of a metaheuristic method with a huge number of evaluations does not require much CPU time. We choose a Particle Swarm Optimization (PSO) algorithm because of its simplicity of implementation [10] . A modified version of classical PSO accounting for integer variables (called MIPSO) is implemented using MATLAB software. Bounds constraints are handled by projection, and non-linear constraints by a penalty function. Therefore the initial optimization problem is transformed in an equivalent problem without nonlinear constraint as follows:
For the following runs, the penalty factor µp has been chosen equal to 100. The initial swarm is generated using a latin hypercube sampling. Since the used method cannot ensure with certainty the exactness of the solution, 10 different runs have been performed. A set of 200 particles evolving during 1000 iterations is used. Each run takes less than 30 seconds on a simple laptop (with Core i7 CPU @2.20 GHz). The best onẽ︁ x 1 is given by [12] . The geometry and the corresponding mesh have been created with the free and opensource software Gmsh [13] . The yokes thicknesses a and e are calculated by (2) and (3): a = 4.3 mm and e = 5.6 mm. Figure 2 shows the geometry of one pole of̃︁ x 1 with its corresponding mesh. With this FEM model, the calculated torque is 50.8 N·m, which proves the accuracy of the magnetic analytic model and demonstrates its relevance for an optimal design procedure as presented in the previous section.
Thermal aspects
In all of the described work, the temperature of the driven rotor and the corresponding thermal effects were neglected. The eddy current density is a heat source, which strongly influences the electrical conductivity of the copper σ. Figure 3 shows the variation of the copper conductivity as a function of the temperature Θ:
where σ 0 = 60 MS·m −1 , and α = 3.93 10
We propose here to simulate the designed coupling (corresponding to Table 1) thanks to a dedicated numerical formulation, which closely involves the magnetic field and the temperature (Θ) resolution. In this global formulation, the heat equation is strongly coupled to a magnetic scalar potential (ϕ). Eddy current density is computed with a source field (he), which exists in the copper and iron of the driven rotor. Only the steady-state operation is considered (see [11] for details on the used magnetic formulation). Both non-linearities, magnetic and thermal, are taken into account. The slip speed impacts both the eddy current density and the temperature distribution (by an advection term). The complete (he, ϕ, Θ) formulation is implemented in GetDP, and the resulting problem is solved using a fixed point method.
The obtained temperature distribution is plotted on Figure 4 . At this point, the transmitted torque is only equal to 40.4 N·m (20% less than the expected value), due to the decrease of the copper electrical conductivity. These results clearly highlight that the temperature must be considered in the design problem, otherwise the optimal solution cannot fulfil the specifications. 
Realistic design case
The copper disc of the studied eddy-current coupling is subjected to Joule losses, which depend on the slip speed. The generated heat leads to a diminution of the electrical conductivity of copper (Figure 3) , which results in decreasing the produced torque. It is then necessary to consider the thermal aspects when sizing the coupling.
Analytic thermal model
Thermal analysis of eddy-current magnetic couplings has been performed by very few authors [3, 4] , although this phenomenon has a great impact on the coupling performances [14] . The thermal analysis is usually based on thermal network models, which give accurate results with less computational time than a purely numerical method i.e. finite element analysis. This is an important issue if the model has to be used in a design optimization procedure. Analytical models that can be found in the literature usually consider both heat conduction and heat convection in order to obtain the temperature distribution in each part of the magnetic coupling. Nevertheless, it was shown in [14] , and confirmed by the results of Figure 4 , that the temperature distribution in the copper and in the back-iron is almost homogeneous. This is particularly true when the magnetic coupling is used in the normal working range area, which corresponds to low slip values.
Then, a simple but realistic thermal model is considered in this paper. The following assumptions are adopted: -Steady state conditions. -The copper disc and back-iron thermal conductivities are high enough to neglect their thermal resistances. -Only convection heat transfer through the external surfaces, whose convective heat transfer coefficients are noted h 1 and h 2 , is then considered. -No heat exchange through the air-gap owing to its low film coefficient and air thermal conductivity [16] .
In addition, this last assumption will give an excess value for the temperature in the copper, which goes in the right direction for the design. The temperature of the copper Θ is computed by:
where P J = Te · s Ω 1 is the eddy current Joule losses, Θa is the ambient temperature, which is fixed to 25 ∘ C, S 1 is the area of the cylinder surface normal to the radial direction, S 2 is the area of the cylinder surface normal to the axial direction:
In order to obtain a good prediction for the copper temperature, it is important to have a good estimation of the convective heat transfer coefficients h 1 and h 2 . The h 1 coefficient is usually determined by dimensionless analysis where the Nusselt number Nu has to be computed for the considered convection surface:
where k is the thermal conductivity of the fluid (air) at ambient temperature, and R 3 is the outer radius of the copper. For forced convection systems, the Nusselt number is usually given as a power law of the Reynolds number Re and 
The values of the coefficients a 1 , a 2 , and a 3 depend on the fluid flow conditions. In our study, we have always set Re < 5·10 5 and then a 1 = 0.084, a 2 = 0.70, and a 3 = 0.35 (see [15] for details). The Reynolds and the Prandtl numbers that are used for calculating the Nusselt number are given by:
The thermal properties of air are given in Table 2 .
The coefficient h 2 can be determined by following the same method, but for a disk-type surface. In [15] , a mean value for h 2 is given as:
where b 1 = 0.024, b 2 = 0.8 and b 3 = 0.6. From (9) to (12), we can note that the convective heat coefficients h 1 and h 2 depend on the coupling geometry and the rotating speed.
Optimal design accounting for temperature
The analytic thermal model described above is coupled to our analytic magnetic model thanks to the electrical conductivity of copper σ(Θ). The resulting non-linear system is solved with a fixed point method, with a stopping criterion which corresponds to a relative difference between two successive temperature values less than 1%. The initial optimal design (P 1 ) is amended in problem (P 2 ) to include thermal effects:
Vm(x)
with: The thermal phenomena are included both in the torque calculation and in a new constraint upon the average steady-state temperature in the copper disc. We impose a maximal value of 100 ∘ C in order to ensure an operating temperature of magnets under this limit value. The same method of resolution used for problem (P 1 ) is applied. Each run of MIPSO takes less than 80 seconds. The best found solutioñ︁ x 2 , after 10 runs, is given in Table 3 and compared to the previous onẽ︁ In accounting for the thermal effects, we can see that the solution obtained by problem (P 1 ) does not reach the specifications upon the torque (40 N·m instead of 50 N·m), as explained in Section 3.2. This is normal, since it has been sized with a fixed value for the electrical conductivity of copper (57 MS·m −1 ), whereas in reality it corresponds to the value at 95°C: σ(Θ) ≈ 43 MS·m −1 . Then, there are less eddy currents and less torque. As a result, the temperature for̃︁ x 1 is slightly lower than for̃︁ x 2 .
The new obtained solutioñ︁ x 2 fulfills perfectly the specifications, which has been checked with the 3D FE numerical model (Te = 50.8 N·m, Θ = 93.3°C). It highlights the effectiveness of the developed coupled magnetic and thermal analytic model, and clearly shows the relevance of the proposed methodology.
Conclusion
In this paper, an optimal design of an eddy-current magnetic coupling based on an analytic model is presented. The corresponding MINLP problem is solved thanks to a dedicated particle swarm optimization algorithm. If only the magnetic aspects are considered, the obtained optimal solution cannot fulfil the specifications. Then, a coupled magnetic and thermal model is proposed. It permits to solve a realistic optimal problem of design really efficiently, and this optimal solution has been verified by an numerical tool. Such a fast model is very accurate for any design process of eddy-current magnetic couplings.
